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We analyze a readout scheme for Majorana qubits based on dispersive coupling to a resonator. We
consider two variants of Majorana qubits: the Majorana transmon and the Majorana box qubit. In
both cases, the qubit-resonator interaction can produce sizeable dispersive shifts in the MHz range
for reasonable system parameters, allowing for sub-microsecond readout with high fidelity. For
Majorana transmons, the light-matter interaction used for readout manifestly conserves Majorana
parity, which leads to a notion of QND readout that is stronger than for conventional charge qubits.
In contrast, Majorana box qubits only recover an approximately QND readout mechanism in the
dispersive limit where the resonator detuning is large. We also compare dispersive readout to longi-
tudinal readout for the Majorana box qubit. We show that the latter gives faster and higher fidelity
readout for reasonable parameters, while having the additional advantage of being fundamentally
QND, and so may prove to be a better readout mechanism for these systems.
I. INTRODUCTION
Topological phases of matter offer a promising plat-
form for quantum information processing, as qubits en-
coded into the degenerate ground states of these exotic
phases should be extremely robust to errors [1–3]. Engi-
neered symmetry-protected topological phases have been
proposed and recently investigated in one-dimensional
hybrid semiconductor-superconductor nanowires [4–18].
Under specific conditions, these nanowires may enter
a topological superconducting phase, distinguished by
the emergence of Majorana zero-energy modes (MZMs).
Fabricated devices with multiple nanowires could allow
quantum computation with these MZMs [19–26].
Majorana-based quantum computing requires a
scheme for the measurement of MZMs [27–33]. Such
measurements take on an especially important role in
measurement-only approaches to topological quantum
computation, where they replace braiding for imple-
menting quantum logic gates [25, 26, 34, 35]. Ideally,
measurements will be fast, high-fidelity, and quantum
non-demolition (QND). The QND property ensures that
the measured observable is a conserved quantity, and
constrains the post-measurement state to be an eigen-
state of the observable, such that repeated measurements
give the same outcome. This is a critical requirement
for measurement-only topological quantum computation
with MZMs, where the measurements determine the dy-
namics of the system.
Looking broadly at measurement schemes for solid
state quantum computing, a standard approach has been
to couple a qubit-state-dependent charge dipole to the
electric field of a resonator, which is used as a mea-
surement probe [36]. A QND readout scheme for Majo-
rana qubits based on parametric modulation of a qubit-
resonator coupling was recently introduced in Ref. [30].
However, the workhorse of measurement schemes for solid
state qubits is dispersive readout, which has been very
successful for superconducting [37, 38], semiconduct-
ing [39–41], and hybrid semiconductor-superconductor
qubits [42, 43]. In these schemes the resonator is tuned
far off-resonance from the qubit frequency, and acquires
a qubit-state-dependent frequency shift. It is natural to
ask whether such a dispersive readout scheme can offer
similar advantages for Majorana qubits, and to what ex-
tent it can satisfy the stringent QND requirements that
are demanded by measurement-only topological quantum
computation.
In this paper, we investigate a dispersive readout
scheme for two prototypical Majorana qubits: the Ma-
jorana transmon [24, 44–46] and the Majorana box
qubit [25, 26]. These two designs are distinguished by
whether the two topological wire segments that host the
four MZMs form two distinct superconducting charge is-
lands or a single island with a uniform superconduct-
ing phase, respectively. We calculate the qubit-state-
dependent dispersive shift that arises when these Majo-
rana qubits are capacitively coupled to the electric field
of a readout resonator. The size of these dispersive shifts
directly determine the rate at which one can perform
qubit readout by driving the resonator and observing the
phase shift of the reflected field [47]. It also therefore
determines the clock frequency in measurement-only ap-
proaches to quantum computation with MZMs.
Majorana qubits differ from conventional supercon-
ducting charge qubits, such as the Cooper pair box and
the transmon [48], as a dispersive shift for a Majorana
qubits can arise despite the fact that the interaction with
the resonator does not induce (virtual) transitions be-
tween the two logical qubit states. Instead, the shifts
result from (virtual) transitions to excited states outside
the qubit subspace. This is especially beneficial for the
Majorana transmon, where dispersive shifts arise through
a qubit-resonator interaction that conserves the Majo-
rana charge parity. For the Majorana box qubit, the
Majorana parity is only approximately conserved in a
limit of large frequency detuning from the resonator.
For both Majorana transmons and Majorana box
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FIG. 1. Illustration of readout for two Majorana qubit variants. Topological superconductors (gray rectangles) host MZMs γˆi,
and qubit readout corresponds to a measurement of iγˆ2γˆ3. Majorana wavefunctions can be made to overlap either by (a) direct
tunneling or (b) tunneling to a proximal quantum dot (gray circle). The resonator (illustrated by an LC oscillator) is capacitively
coupled to the island charge. Alternative resonator-island coupling geometries are possible, including coupling to the quantum
dot in (b). (a) Majorana transmon qubit: the topological superconductors form two distinct superconducting islands, shunted
by a Josephson-junction with energy EJ (one of the islands may be grounded). The level diagram illustrates low-energy
eigenstates labeled |g,±〉 and |e,±〉. The blue and red arrows indicate allowed transitions induced by the qubit-resonator
interaction. These allowed transitions conserve Majorana parity. (b) Majorana box qubit: the topological superconductors are
shunted by a trivial superconductor, and the device forms a single superconducting island. The level diagram labels dressed
eigenstates of the coupled superconducting island-dot system. In this case, the resonator induces transitions between dressed
states of different dot occupancy and Majorana parity.
qubits, we find that dispersive shifts can be compara-
ble to those of conventional transmon qubits [38] and
nanowire quantum dots [41]. Specifically, for reason-
able system parameters, we predict dispersive shifts in
the MHz range. Measuring the qubit necessarily requires
lifting the MZM degeneracy, and the corresponding qubit
frequency is in the range 1–2 GHz. Our results suggest
that sub-microsecond high-fidelity QND readout is feasi-
ble for Majorana qubits.
The remainder of the paper is organized as follows. We
give a high-level introduction to dispersive coupling be-
tween a Majorana qubit and a resonator in Section II.
In Section III and Section IV we describe in detail the
dispersive coupling for a Majorana transmon and a Majo-
rana box qubit, respectively. For both qubit variants, we
calculate the dispersive frequency shift of a readout res-
onator from second order Schrieffer-Wolff perturbation
theory for a range of system parameters using numerical
diagonalization. We also provide simple, approximate
analytical expressions. We estimate the resulting mea-
surement timescales and fidelities (in the absence of any
unwanted qubit decoherence or noise in the system pa-
rameters, see e.g. [33, 49, 50]) in Section V. We compare
the results for dispersive readout to the longitudinal read-
out scheme introduced in Ref. [30]. Finally, in Section VI
we discuss the implications of our results for dispersive
readout of Majorana qubits.
II. LIGHT-MATTER INTERACTION FOR
MAJORANA QUBITS
We begin by presenting a high-level overview of the
interaction between a Majorana qubit and an electro-
magnetic resonator, focusing on the dispersive coupling
regime. Such a coupling provides the underlying physical
mechanism that can be used for dispersive qubit read-
out [36].
The resonator-based readout schemes considered in
this paper involve capacitive coupling of the charge de-
gree of freedom of the measured system (the qubit) to
the electric field of a nearby resonator. That is, we have
an interaction Hamiltonian of the form
Hˆint = QˆVˆr = i~λNˆ(aˆ† − aˆ), (1)
where Qˆ = eNˆ is a charge operator for the qubit system,
Vˆr ∼ i(aˆ† − aˆ) is the voltage bias on the qubit due to
the resonator, and λ quantifies the interaction strength.
For simplicity, we model the resonator by a single har-
monic oscillator mode with annihilation (creation) oper-
ator aˆ (aˆ†).
The physics resulting from the coupling described
by Eq. (1) depends on the internal level structure of the
qubit system. Given that the charge number operator Nˆ
can have off-diagonal matrix elements in the qubit eigen-
basis, the absorption or emission of a resonator photon
can induce a transition between eigenstates in the qubit
3system. The internal level structure of the qubit can
lead to selection rules where only certain transitions are
allowed. We will show below that different Majorana
qubit designs give rise to different selection rules, and
discuss the consequences of this for QND readout.
We consider two distinct types of Majorana qubits,
illustrated in Fig. 1. Each topological superconductor
hosts a pair of Majorana edge modes. Due to charge con-
servation, a minimum of two topological superconductors
are required to encode a Majorana qubit, for a total of
four MZMs. We identify two broad classes of Majorana
qubits, depending on whether these topological supercon-
ductors form one or two distinct superconducting charge
islands. The Majorana transmon qubit is representative
of a configuration where the two topological supercon-
ductors form two distinct islands, and the relevant charge
degree of freedom for readout is the difference in charge
between these two islands. Variations of this configu-
ration can include grounding one of the two supercon-
ducting islands, and/or introducing a Josephson tunnel
coupling between the islands and ground [24]. However,
it should be noted that connecting one of the islands to
ground in this manner could increase the rate of quasipar-
ticle poisoning events [50]. For the Majorana box qubit
(also referred to as the Majorana loop qubit), the two
topological superconductors are shunted by a trivial su-
perconductor to form a single superconducting island. In
this case, a charge dipole can be formed by tunnel cou-
pling to a proximal quantum dot, providing a mechanism
for readout.
The physics of these devices is described in more de-
tail in the following sections, and we here only give a
high-level discussion of their internal level structure and
selection rules. For the Majorana transmon in Fig. 1 (a),
energy levels can be labeled |g,±〉 , |e,±〉 , . . . , where
g, e, . . . denote a transmon-like ladder of eigenstates, and
± denotes the eigenvalue of iγˆ2γˆ3 = ±1, the Majorana
parity we wish to measure. As indicated in the level
diagram in Fig. 1 (a), only transitions that conserve
the Majorana parity are allowed. This means that the
Majorana parity is conserved during readout and that
the interaction is manifestly QND with respect to this
quantity. This stronger-than-usual form of QND mea-
surement stems from the fractional and non-local na-
ture of the MZMs [25], and was dubbed topological QND
(TQND) measurement in Ref. [30].
For the Majorana box qubit, MZMs are tunnel coupled
to a proximal quantum dot, as illustrated in Fig. 1 (b).
The dot might be formed naturally between two topolog-
ical superconductors due to the boundary conditions set
by the superconducting/semiconducting interface [51]. In
our analysis we assume that this quantum dot has well-
separated energy levels, and for simplicity only a single
level that is energetically accessible.
Charge tunneling between the topological supercon-
ducting island and the dot provides a mechanism for
readout. Because the superconducting island charge is
no longer conserved, the eigenstates of the qubit-dot sys-
tem are dressed states where the Majorana edge modes
are partially localized on the dot. These dressed states
are illustrated in the level diagram in Fig. 1 (b). In a
readout protocol, the tunnel coupling should be turned
on gradually, such that the system evolves adiabatically
from the bare to the dressed eigenstates, and we label the
dressed eigenstates by the states they are adiabatically
connected to in the absence of tunneling. Qubit readout
corresponds to distinguishing the dressed states adiabat-
ically connected to the degenerate qubit groundspace.
As indicated in the level diagram in Fig. 1 (b), the
relevant transitions for coupling to the resonator involve
a single charge transfer from the island to the dot, or
vice versa. This charge transfer also flips the (dressed)
Majorana parity. In this case, an approximately QND
interaction can still be achieved in the dispersive regime,
where the resonator is far detuned from any internal tran-
sition, such that the resonator-induced transitions indi-
cated in Fig. 1 (b) are purely virtual. However, it is a
notable difference between the Majorana transmon and
the Majorana box qubit readout scheme that the former
has the advantage of a manifestly QND interaction inde-
pendent of whether the system is in the dispersive regime
or not.
As an aside, this last point can be contrasted to the
readout scheme proposed in Ref. [30], where modulation
of a system parameter is used to activate a parity con-
serving qubit-resonator coupling. This coupling arises
independently of the frequency detuning of the resonator
from any internal qubit transition. With the scheme in
Ref. [30] it is therefore possible to achieve strong qubit-
resonator coupling in a regime where all parity non-
conserving processes are heavily suppressed and can be
neglected. We return to a brief comparison with Ref. [30]
in Section V and Appendix E.
For the purpose of qubit readout, real transitions
between qubit-system eigenstates are undesirable. An
effective interaction suitable for readout is recovered
from Eq. (1) in the dispersive regime. This refers to a
coupling regime where the resonator frequency is far off-
resonance from any relevant transitions between qubit
states that are allowed by the selection rules. The tran-
sitions to higher energy levels indicated in Fig. 1 (a,b) are
then only virtual transitions. In this situation, Eq. (1)
can be treated perturbatively, leading to an effective in-
teraction of the form (for both types of Majorana qubit)
Hˆdisp = ~ωraˆ†aˆ+
~ωq
2
σˆz + ~χqσˆzaˆ†aˆ. (2)
Here ωr is the resonator frequency, ~ωq is the energy
splitting between the two eigenstates used to encode
a qubit, and σˆz is the corresponding logical Pauli-Z
operator. In general ωr,q include Lamb shifts due to
the qubit-resonator coupling. Finally, χq is the qubit-
state-dependent dispersive frequency shift of the res-
onator. Under this Hamiltonian the qubit states can
be distinguished by detecting a phase shift of the res-
onator under a coherent drive at the resonator fre-
4quency [36, 37, 47, 48]. The speed of such a measure-
ment is set by the magnitude of the dispersive shift χq.
We give a derivation of Eq. (2) starting from Eq. (1), for
a generic multi-level system, in Appendix A. Through-
out this paper we compute χq for three different qubit
types labeled q ∈ {t,mt,mb}, for a conventional trans-
mon, a Majorana transmon, and a Majorana box qubit,
respectively.
It is important to emphasize that although Eq. (2) is
QND with respect to the logical σˆz operator, this Hamil-
tonian is an approximation to the underlying light-matter
interaction, Eq. (1). The TQND property of the Majo-
rana transmon refers to the fact that parity protection
is manifest at the more fundamental level of Eq. (1). As
discussed briefly above, and in more detail in the fol-
lowing, dispersive readout for the Majorana box qubit
is not TQND in the same strong sense as for the Majo-
rana transmon. Both the Majorana transmon and the
Majorana box qubit, however, share the feature that no
transitions are allowed between the two lowest energy
eigenstates used to form a qubit. Instead (virtual) tran-
sitions out of the qubit subspace are used to realize a
readout mechanism. This is in contrast to conventional
superconducting charge qubits, such as the transmon and
the Cooper pair box, where the light-matter interaction
causes transitions between the energy eigenstates that de-
fine the qubit [48]. In this case, the readout mechanism
introduces a source of error in the form of Purcell decay,
wherein the qubit may relax via emission of a photon via
the resonator [52]. (We note that we have restricted our
notion of measurement back-action to the readout mech-
anism itself. Additional unwanted effects that may be
introduced such as quasiparticle poisoning [50] or heat-
ing are not treated here.)
In the following sections, we describe the dispersive
readout schemes for the Majorana transmon and the Ma-
jorana box qubit in detail.
III. MAJORANA TRANSMON QUBIT
A. Model for the qubit
A Majorana transmon qubit, shown in Fig. 1 (a), con-
sists of two distinct charge islands that are shunted by
a Josephson junction. Each island, labeled α ∈ {L,R},
is in a topological superconducting phase and has elec-
tron number operator NˆL,R and dimensionless supercon-
ducting phase operator ϕˆL,R, satisfying [Nˆα, e
iϕˆβ/2] =
δαβe
iϕˆβ/2, with α, β ∈ {L,R}. The charging energy and
conventional Cooper pair tunneling between the two is-
lands is captured by a Hamiltonian
HˆT = EC
(
Nˆ − ng
)2 − EJ cos ϕˆ, (3)
where Nˆ ≡ (NˆL − NˆR)/2 and ϕˆ ≡ ϕˆL − ϕˆR, EC is the
charging energy due to capacitive coupling of the two
islands, ng represents an offset charge, and EJ is the
Josephson coupling due to Cooper pair tunneling across
the Josephson junction. The transmon regime is charac-
terized by EJ  EC [48]. Note that we here use a con-
vention where Nˆ counts the number of electrons rather
than number of Cooper pairs, such that we have the fol-
lowing action on charge eigenstates:
Nˆ |N〉 = N |N〉 , (4a)
e±iϕˆ |N〉 = |N ± 2〉 . (4b)
We have neglected the capacitances of each supercon-
ducting island to ground, and assume the long-island
limit where MZMs located on the same island are well-
separated.
Variations of the Majorana transmon include ground-
ing one of the two islands (such that we can set e.g.
ϕˆR = 0 and ϕˆ = ϕˆL), and/or introducing a Joseph-
son coupling to a bulk superconductor in addition to the
Josephson coupling between the two islands [24]. These
variations are qualitatively similar, and our results ex-
tend to these cases without any significant modification.
To read out this qubit, the MZMs corresponding to
γˆ2 and γˆ3 are brought together and the combined parity
iγˆ2γˆ3 is measured. When these two MZMs are brought
together (see Fig. 1), their interaction is governed by a
tunneling Hamiltonian [4, 24, 44, 46]
HˆM = −EM iγˆ2γˆ3 cos
(
ϕˆ+ ϕx
2
)
, (5)
where EM is proportional to the wavefunction overlap of
the MZMs. This expression accounts for the fact that
the qubit loop might enclose an external flux Φx, where
in we have defined ϕx = 2piΦx/Φ0 with Φ0 = h/2e the
magnetic flux quantum. In Appendix B we compare the
direct tunneling model Eq. (5) with a model where the
two islands are coupled to a common quantum dot, acting
as a mediator. The main outcome of this comparison is
that, when the energy penalty to occupy the quantum
dot becomes large, the two models are equivalent.
The full Majorana transmon qubit Hamiltonian is
HˆMT = HˆT + HˆM . (6)
Since iγˆ2γˆ3 commutes with HˆMT, the eigenstates can
conveniently be labeled by two quantum numbers |j, a〉
where j = g, e, f, . . . denote a transmon-like ladder of
eigenstates and a = ± denotes the eigenvalue of iγˆ2γˆ3 =
±1. The level structure is shown in Fig. 2 for (a) EM = 0
and (b) EM > 0.
A simplified Hamiltonian can be found by following
the standard approach of treating the transmon degree
of freedom as a Kerr nonlinear oscillator [36, 48]. To
keep the discussion simple, we set the offset charge and
external flux to zero, ng = 0, ϕx = 0, for the remainder
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FIG. 2. The low-level spectrum of a Majorana transmon
qubit as a function of the offset charge parameter ng, where
EC/h = 250 MHz, EJ/EC = 50 (ωt/2pi ' 5 GHz), and (a)
EM = 0 and (b) EM/~ωt = 0.05 (ωmt/ωt ' 0.1). When
EM = 0, each level in the transmon spectrum is two-fold
degenerate. This degeneracy is lifted when EM > 0. The
resulting level structure can be thought of as two parallel
transmon ladders, for iγˆ2γˆ3 = ±1.
of this section. We can introduce ladder operators via
Nˆ = i
(
EJ
2EC
)1/4 (
bˆ† − bˆ), (7a)
ϕˆ =
(
2EC
EJ
)1/4 (
bˆ† + bˆ
)
. (7b)
where [bˆ, bˆ†] = 1. Taylor expanding the cos ϕˆ term to
fourth order in ϕˆ, substituting the expressions above, and
dropping fast rotating terms, we obtain the standard re-
sult
HˆT ' ~ωtbˆ†bˆ− EC
2
bˆ†bˆ†bˆbˆ, (8)
where ~ωt =
√
8EJEC −EC is the transmon energy and
EC is the anharmonicity.
Repeating the steps for the Majorana term HˆM yields
HˆM ' −iEM γˆ2γˆ3
(
1− ξ0 − ξ1bˆ†bˆ+ ξ2bˆ†bˆ†bˆbˆ
)
, (9)
with coefficients
ξ0 =
4
√
8EJEC − EC
64EJ
, (10a)
ξ1 =
4
√
8EJEC − 2EC
32EJ
, (10b)
ξ2 =
EC
32EJ
. (10c)
Under the above approximations, we see that the energy
splitting of the two lowest energy levels with unequal
Majorana parity, |g,±〉, which we will label ~ωmt, is
~ωmt ' 2EM (1− ξ0). (11)
On the other hand, the “transmon transitions” |g,+〉 ↔
|e,+〉 and |g,−〉 ↔ |e,−〉 (indicated in Fig. 2) have en-
ergy splittings
~ω± ' ~ωt ± EMξ1, (12)
respectively. As we will show, despite that there is no
charge matrix element between the two logical qubit
states |g,±〉, the fact that the two transition frequencies
ω± are non-degenerate for EM > 0 nevertheless leads to
a iγˆ2γˆ3-dependent dispersive shift of the resonator.
B. Dispersive interaction with a resonator
The Majorana transmon qubit can be read out via a
resonator that is capactively coupled to the island charge,
as schematically illustrated in Fig. 1. This interaction has
the form
Hˆint = i~λNˆ(aˆ† − aˆ), (13)
while the resonator Hamiltonian is given by Hˆr =
~ωraˆ†aˆ. Here ~λ ' 2(Cc/Cr)EC
√
RK/4piZr quantifies
the capacitive coupling strength, with Cc the coupling ca-
pacitance, Cr the resonator capacitance, Zr =
√
Lr/Cr
the resonator characteristic impedance, and RK = h/e
2
the resistance quantum.
We numerically diagonalize the full Hamiltonian
HˆMT, Eq. (6), to calculate the dispersive shift χmt de-
fined in Eq. (A5). To assist with interpreting our re-
sults, we first calculate dispersive shifts for a conventional
transmon qubit, which corresponds to the limit EM = 0.
Conventional transmon.—In this case, the qubit is en-
coded in the two eigenstates |0〉 ≡ |g, a〉 and |1〉 ≡ |e, a〉
where the choice of a = ± is arbitrary. The spectrum is
shown in Fig. 2 (a). There are two primary transitions
that contribute to the conventional transmon dispersive
shift χt, defined in Eq. (A5). Namely, the qubit transi-
tion |g, a〉 ↔ |e, a〉, with frequency ωt, and the transition
|e, a〉 ↔ |f, a〉 with frequency approximately given by
ωt − EC/~. We numerically calculate χt as a function
of the detuning parameter ∆t ≡ ωt − ωr in Fig. 3 (b).
The singularities at ∆t = 0 and ∆t = EC/~ correspond
to values of ωr where the resonator is resonant with the
|g, a〉 ↔ |e, a〉 and |e, a〉 ↔ |f, a〉 transitions, respectively.
The regime between these two singularities, where the
dispersive shift changes sign, is known as the straddling
regime [48]. The transmon dispersive shift χt provides a
point of comparison which we use to evaluate the disper-
sive shifts of Majorana transmons.
Majorana transmon.—We next consider the Majorana
transmon qubit with EM > 0. For the Majorana trans-
mon qubit, the logical qubit states are chosen to be
|0〉 ≡ |g,+〉 and |1〉 ≡ |g,−〉 instead. The qubit-resonator
interaction does not induce transitions between levels
with different parity a. Instead, the contributions to the
qubit state dependent dispersive shift χmt, in analogy
6−20 −10 0
∆/g
−6
−4
−2
0
χ
m
t/
2pi
(M
H
z)
(a)
χt/2pi
2EM/h¯ωt =
1/3
2EM/h¯ωt =
2/3
2EM/h¯ωt = 1
−2 0 2
∆t/g
−1
0
1
χ
m
t/
2pi
(M
H
z)
×103
(b)
0.0 0.5 1.0
2EM/h¯ωt
0.0
0.5
|χ
m
t/
χ
t|
(c)
Eq. (16)
0 1 2
ϕx/pi
0.0
0.5
|χ
m
t/
χ
t|
(d)
FIG. 3. Dispersive frequency shift of a readout resonator
coupled to a Majorana transmon qubit χmt (purple) in com-
parison to those of a conventional transmon qubit χt (gold),
where EC/h = 250 MHz, EJ/EC = 50 (ωt/2pi ' 5 GHz),
ng = 0, and λ/2pi = 100 MHz (gt/2pi ' 200 MHz). In (a,b,c)
ϕx = 0 and in (b,c) ∆/gt = −10. Circle, triangle and square
markers indicate equivalent points between plots. The top
plots show χmt and χt as a function (a) ∆/gt and (b) ∆t/gt
for three values of EM where ϕx = 0. In (a) ∆ is the detuning
from the relevant transition frequency (ωt for the transmon
and ω+ for the Majorana transmon). In (b) ∆t = ωt − ωr,
plotted such that the saddle regimes are visible. The magni-
tude of χmt in comparison to χt is plotted as a function of (c)
2EM/~ωt (' ωmt/ωt) and (d) ϕx/pi.
to χt, come from transitions |g,+〉 ↔ |e,+〉 with fre-
quency ω+, and |g,−〉 ↔ |e,−〉 with frequency ω−, as
indicated in Fig. 2. The frequencies ω± are close to ωt,
approximately given by Eq. (12). As 2EM ' ~ωmt in-
creases and becomes comparable to ~ωt, χmt approaches
a comparable magnitude to χt, the dispersive shift for a
conventional transmon, as shown in Fig. 3 (a,c). We note
that the strength of the dispersive shift χmt also depends
on the offset flux ϕx, as shown in Fig. 3 (d). Care must
be taken to ensure that ϕx 6= pi, where χmt vanishes and
changes sign.
We can also find an approximate analytical expression
for the dispersive shift. To this end, we substitute Eq. (7)
into Hˆint and make a rotating wave approximation to find
Hˆint ' ~gt(bˆaˆ† + aˆbˆ†), (14)
where
gt = λ
(
EJ
2EC
)1/4
. (15)
This form clearly shows how energy exchange with the
resonator leads to transitions between transmon levels
within the same parity sector (|g,±〉 ↔ |e,±〉, |e,±〉 ↔
|f,±〉, etc.). From Eq. (14) we find a simple approximate
expression for χmt (see Appendix C)
χmt ' 1
2
(
g2t
ω+ − ωr −
g2t
ω− − ωr
)
. (16)
This is compared to the result based on exact diagonal-
ization of the qubit Hamiltonian in Fig. 3 (c). We em-
phasize that Eq. (16) is a somewhat crude approxima-
tion similar in accuracy to the standard approximation
used for conventional transmon qubits (Eq. (3.12) in
Ref. [48]).
IV. MAJORANA BOX QUBIT
A. Model for the qubit
The Majorana box qubit, shown in Fig. 1 (b), is an
alternative design for a qubit based on MZMs that has
been studied in the context of measurement-only topo-
logical quantum computing [25, 26]. In this qubit design,
the topological superconductors are shunted by a (trivial)
superconducting bridge instead of a Josephson junction.
This model can be thought of as a limiting case to the
Majorana transmon, where EJ/EC → ∞. In this limit,
we have ϕˆR → ϕˆL, such that the previous charge and
phase operators, Nˆ = (NˆL − NˆR)/2 and ϕˆ = ϕˆL − ϕˆR,
are zero. Instead, the relevant degree of freedom is the
total charge Nˆtot = NˆL+NˆR, and the corresponding con-
jugate phase ϕˆtot ≡ (ϕˆL + ϕˆR)/2. The device acts as a
single island with charging energy
Hˆtot = Etot(Nˆtot − ng)2, (17)
where Etot quantifies the charging energy due to capac-
itive coupling of the island to ground (and to the res-
onator), which we neglected for the Majorana transmon.
The charge and phase operators Nˆtot, ϕˆtot act on charge
eigenstates analogously to Eq. (4), where Nˆtot now counts
the total charge on the superconducting island consisting
of the two topological superconductors.
The Majorana box qubit also comes in several qual-
itatively similar variations. When the two topologi-
cal superconductors are aligned horizontally in series as
in Fig. 1 (b) (formed from a single nanowire), the qubit
is also refereed to as a Majorana loop qubit. Alterna-
tively, the two topological superconductors can be ar-
ranged in parallel with the superconducting shunt per-
pendicular to the nanowires [25]. One can also consider
additional MZMs per island, used as ancilla modes for
measurement-only topological quantum computing. In
this case, a Majorana box qubit with four MZMs is called
a tetron, with six MZMs a hexon, and so on. Our results
can be generalized to these variations.
The coupling of the two topological superconductors
due to a non-zero overlap of the Majorana modes cor-
responding to γˆ2 and γˆ3 can be modeled using Eq. (5)
7with ϕˆ→ 0. However, to properly account for the move-
ment of charge that leads to a coupling to the resonator,
we take one step back and explicitly include coupling to
bound states in the semiconducting region between the
two topological superconductors. In the limit of where
the energy penalty to occupy these bound states is large
compared to the tunnel coupling, the Hamiltonian HˆM
can be recovered as an effective description. Including
such bound states as intermediate degrees of freedom is
however necessary to correctly capture the coupling to
the resonator that results from charge tunneling to the
semiconductor. In the proposals in Refs. [25, 26], this de-
scription is moreover very natural because a gate-defined
quantum dot is explicitly introduced to mediate a tun-
able interaction between the nanowires.
We model the quantum dot between the two topologi-
cal superconductors by a single fermionic operator dˆ, sat-
isfying {dˆ, dˆ†} = 1. This degree of freedom is illustrated
in Fig. 1 (b). The dot is described by a Hamiltonian
Hˆd = εdˆ
†dˆ, with ε the dot occupation energy. Tunneling
between the island and the dot is modeled by a Hamil-
tonian [53]
Hˆt =
1
2
[
e
iϕˆtot
2
(
itLe
iϕx
2 γˆ2 − tRγˆ3
)
dˆ+ H.c.
]
, (18)
where tL,R ≥ 0 are the tunneling amplitudes between the
two respective topological superconductors, and we have
included the possibility of an external flux, ϕx, threading
the qubit loop. The full Majorana box qubit Hamiltonian
is thus
HˆMB = Hˆtot + Hˆd + Hˆt. (19)
We show the spectrum in the uncoupled case tL,R = 0
in Fig. 4 (a). As with the Majorana transmon qubit,
each state shown in Fig. 4 (a) is two-fold degenerate, a
degeneracy that splits when we include non-zero tunnel-
ing |tL,R| > 0, as shown in Fig. 4 (b).
The dot-island Hamiltonian HˆMB conserves the total
charge Nˆtot + dˆ
†dˆ, such that the Hamiltonian can be di-
agonalized block by block, following Ref. [30]. After a
unitary transformation Hˆ ′MB = Uˆ
†HˆMBUˆ we have
Hˆ ′MB = εc(Nˆ + 1)dˆ
†dˆ+
εm(Nˆ)
2
iγˆ2γˆ3
+
1
2
[
εm(Nˆ + 1)− εm(Nˆ)
]
dˆ†dˆ iˆγˆ2γˆ3
+ E(Nˆ) +
[
E(Nˆ + 1)− E(Nˆ)
]
dˆ†dˆ,
(20)
The functions εc(n), εm(n) and E(n) are given
in Eq. (D9).
As is clear from Eq. (20), the eigenstates of Hˆ ′MB can be
labeled by three quantum numbers |N,nd, a〉: the island
charge N ∈ Z, the dot occupancy nd = 0, 1 and the
Majorana parity a = ±. The dressed eigenstates of HˆMB,
Eq. (19), are thus related to the bare charge states of the
uncoupled system (i.e., when tL,R = 0) through
|N,nd, a〉 = Uˆ |N,nd, a〉 , (21)
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FIG. 4. The low-level spectrum of a Majorana box qubit
as a function of the offset charge parameter ng, where δ/h =
(Etot + ε)/h = 5 GHz, ϕx = pi/2, tL,R = t, and (a) t = 0
and (b) t/δ ' 0.2 (εm/h ' 0.5 GHz). When MZMs interact
via the quantum dot (t > 0), the charge state |N,nd = 0,±〉
hybridizes with |N − 1, nd = 1,∓〉.
where the unitary transformation is defined in Ap-
pendix D 1. The labels on the left-hand side here des-
ignate hybridized degrees of freedom, in particular, when
tL,R > 0, the Majorana fermion hybridizes with the dot,
and a = ± refers to the corresponding “dressed” Majo-
rana parity.
To keep the discussion simple, we from now on focus on
the sector with zero total dot-island charge, Nˆ+ dˆ†dˆ = 0,
and set tL,R = t, ng = 0 for the remainder of this section.
Within the zero total charge sector, Eq. (20) takes the
form
HˆMB,0 = εccˆ
†cˆ+
εm
2
iγˆ2γˆ3, (22)
where we have dropped a constant term, and cˆ satisfies
{cˆ, cˆ†} = 1 and describes the movement of an electron
from the dot to the island within the zero total charge
sector. The coefficients are given by
εc =
1
2
(f+ + f−) , (23a)
εm =
1
2
(f+ − f−) , (23b)
f± =
√
δ2 + 2t2 [1± cos (ϕx/2)], (23c)
with δ = Etot + ε the energy penalty for moving charge
from the island to the dot. For small t/δ the second term
in Eq. (22) moreover reduces to Eq. (5), since
εm ' t
2
δ
cos
(ϕx
2
)
. (24)
8In the opposite limit, if the chemical potential of the
quantum dot is tuned such that ε = −Etot and the energy
penalty to occupy the dot δ = 0, then εm ∼ t.
B. Dispersive interaction with a resonator
As with the Majorana transmon, we can read out
the logical state by coupling the qubit to a resonator.
There are essentially two options for engineering a dipole-
coupling by capacitively coupling to the resonator. Ei-
ther the resonator voltage can be (predominately) cou-
pled to the dot, or (predominantly) to the superconduct-
ing island. The key requirement for readout is that the
resonator must be sensitive to the movement of charge
between the superconducting island and the dot, and the
two coupling schemes are in that sense equivalent (as
shown, e.g., in Ref. [30].) The two choices might, how-
ever, have different practical advantages and disadvan-
tages; in particular, stronger coupling may be possible
by coupling to the island. We here focus mainly on ca-
pacitive coupling to the superconducting island charge,
for concreteness, but we emphasize that our results ap-
ply equally well to both schemes. The qubit-resonator
interaction is thus, in analogy with Eq. (13), given by
Hˆint = i~λNˆtot(aˆ† − aˆ). (25)
We perform the same unitary transformation that led
to Eq. (22), and again set tL,R = t, ng = 0 and project
onto the subspace with zero overall charge, to find an in-
teraction in this subspace of the form (see Appendix D 1)
Hˆint,0 = i~
[
gccˆ
†cˆ+
gm
2
(iγˆ2γˆ3 + 1)
]
(aˆ† − aˆ)
+
i~
2
[g+(γˆ2 + iγˆ3)cˆ+ H.c.] (aˆ
† − aˆ),
+
i~
2
[g−(γˆ2 − iγˆ3)cˆ+ H.c.] (aˆ† − aˆ),
(26)
where
gc = −λ
2
(
δ
f+
+
δ
f−
)
, (27a)
gm = −λ
2
(
δ
f+
− δ
f−
)
, (27b)
g± = −λ
2
it(e
iϕx
2 ± 1)
f±
. (27c)
We note that, in the case where the quantum dot is res-
onant with the island and δ = 0, then gc = gm = 0
and |g±| = λ/2. For the alternative choice of coupling
the resonator to the dot, simply replace Nˆtot → dˆ†dˆ
in Eq. (25) and the above results still apply with a sign
change λ→ −λ in Eq. (27) [30].
From the second and third line of Eq. (26) we see that,
in this frame, the resonator induces a transition that in-
volves moving an electron from the dot to the island and
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FIG. 5. Dispersive frequency shifts of readout resonator
coupled to a Majorana box qubit χmb (green) for δ/h =
(Etot+ε)/h = 5 GHz, ng = 0, tL,R = t, and λ/2pi = 100 MHz.
In (a,b) ϕx = 0 and in (b,c) ∆/g+ = −10. Circle, triangle and
square markers indicate equivalent points between plots. (a)
χmb as a function of detuning ∆ = f+/~−ωr for three values
of t/δ. (b) χmb as a function of t/δ for ∆/|g+| = −10. (c) χmb
as a function of ϕx = 0. Analytical results (dotted) obtained
from Eq. (28) are also shown. A very small discrepancy arises
due to the rotating wave approximation used in Eq. (28).
flipping the Majorana parity iγˆ2γˆ3. The energy differ-
ence corresponding to this transition is εc ± εm = f±,
depending on the state of the Majorana degree of free-
dom.
Having diagonalized the Majorana box qubit Hamil-
tonian, it is straight forward to use the second order
Schrieffer-Wolff formula Eq. (A4) to obtain an analytical
expression for the qubit-state dependent dispersive shift.
Under a rotating wave approximation for the resonator-
qubit interaction we find
χmb ' 1
2
( |g+|2
f+/~− ωr −
|g−|2
f−/~− ωr
)
, (28)
where we assume εc > εm.
We compare Eq. (28) to a numerical diagonalization of
the qubit Hamiltonian, following the same procedure as
for the Majorana transmon qubit, to extract the qubit-
dependent dispersive shift χmb. In Fig. 5 (a) we show χmb
as a function of ∆/|g+| for different tunneling strengths
tL,R = t, where ∆ ≡ f+/~−ωr. As the Majorana modes
hybridize with the dot, the qubit splitting and the dis-
persive shifts grow larger, also shown in Fig. 4 (b). As
with the Majorana transmon, the dispersive shift χmb
depends on the offset flux ϕx, as shown in Fig. 5 (c).
Again, care must be taken to ensure ϕx 6= pi. However,
in contrast to the Majorana transmon, the dependence
is more favourable, leading to a wider range of ϕx where
χmb is close to its maximum possible magnitude.
Our results show that the energy scale of the dispersive
shifts for the Majorana box qubit are comparable to the
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FIG. 6. Timescales and fidelities for resonator-based readout of Majorana qubits. (a) Dispersive shift of a readout resonator
coupled to a Majorana transmon qubit χmt (purple), a Majorana box qubit χmb (green) and a conventional transmon χt (gold)
as a function of the qubit frequency ωq/2pi, for ng = 0, ϕx = 0, λ/2pi = 100 MHz, and fixed detuning ∆/g = −10. For the
Majorana and conventional transmon we have set EC/h = 250 MHz and EJ/EC = 50. For the Majorana box qubit we have
set δ/h = (Etot + ε)/h = 5 GHz. (b) Infidelity 1 − F of each readout scheme as a function of readout time τ , for ωq/2pi = 1
GHz, n¯/ncrit = 1/5 and κ = 2χ. Longitudinal case calculated for g˜z/2pi = 10 MHz, as detailed in Appendix E. (c) Readout
time required to reach a measurement fidelity of 99.99% for each dispersive scheme in (a) as a function of ωq/2pi.
Majorana transmon qubit for comparable ratios between
resonator coupling strengths and detuning ∆/g. A more
detailed comparison is made in Section V.
V. READOUT TIMES AND FIDELITIES
In this section we calculate estimates of the timescales
and fidelties of the Majorana qubit readout schemes pre-
sented in the previous sections. The key results are pre-
sented in Fig. 6. It is important to note that these esti-
mates have been obtained for an idealised situation where
the dispersive approximation is assumed to be valid, and
no noise or decoherence is included beyond the dephas-
ing caused by the measurement itself. These results are
therefore not meant to be quantitative predictions for
the measurement fidelity in an experiment, but serves to
compare the speed and fidelity for different qubit types:
the conventional transmon, Majorana transmon and the
Majorana box qubit. For the Majorana box qubit, we
also compare dispersive readout to longitudinal readout,
see Appendix E.
Our predictions of the dispersive shifts of the Ma-
jorana transmon and Majorana box qubit as functions
of qubit frequency ωq are compared in Fig. 6 (a). To
make this comparison, we fix the value of ∆/g = −10
where g ∈ {gt, g+}, see Eqs. (15) and (27c), and ∆ ∈
{ω+ − ωr, f+/~ − ωr}, see Eqs. (12) and (23c), for the
Majorana transmon and the Majorana box qubit, respec-
tively. We also include the dispersive shift of a conven-
tional transmon, for which we use g = gt and ∆ = ωt−ωr.
In other words, g and ∆ quantify the relevant coupling
strength and resonator detuning for each qubit type, re-
spectively.
We observe that for smaller qubit frequencies (corre-
sponding to weaker MZM interaction energies), the Ma-
jorana box qubit produces larger dispersive shifts than
the Majorana transmon for the same value of ∆/g. Nev-
ertheless, both variants may achieve dispersive shifts in
the MHz regime for reasonable parameters, compara-
ble to conventional transmon qubits [38] and the recent
demonstration of a nanowire quantum dot readout in
Ref. [41].
The qubit-state-dependent phase shift that arises dur-
ing dispersive coupling allows for readout of the qubit
by probing the resonator at its resonant frequency. The
size of the dispersive shift χ directly determines the rate
at which this phase shift can be resolved to a given fi-
delity. We quantify this effect with the signal-to-noise ra-
tio (SNR) for a heterodyne measurement of the resonator
output field. To simplify the treatment, we consider an
idealized situation with unit efficiency measurement and
no additional noise or decoherence, such that the qubit-
dependent response of the resonator is Gaussian. In this
case an analytical form for the SNR can be found [36, 54]:
SNR = 2||
√
τ
χ
[
1− 1
χτ
(
1− e−χτ cosχτ)] , (29)
where || is the amplitude of the resonator drive and τ is
the measurement time. The SNR will in general depend
on the resonator damping rate κ, and we have set κ = 2χ
to give the optimal SNR at long integration times [36,
54]. The measurement fidelity can be related to the SNR
through
F = 1− erfc
(
SNR
2
)
. (30)
We emphasize that these results hold for the ideal, dis-
persive Hamiltonian Eq. (2). In other words, the disper-
sive approximation is assumed to be valid. It should be
noted, however, that this approximation will break down
for large photon numbers [36].
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From these expressions, we calculate the expected mea-
surement infidelities 1 − F for each qubit as a function
of integration time τ at ωq/2pi = 1 GHz in Fig. 6 (b).
We have chosen the resonator drive strength  such that
n¯/ncrit = 1/5, where n¯ = 2(/κ)
2 is the resonator photon
number and ncrit ≡ (∆/2g)2. The latter can be thought
of as a rough measure of when the dispersive approxima-
tion is expected to break down [36].
For comparison we also show the infidelity of a lon-
gitudinal readout scheme for the Majorana box qubit
in Fig. 6 (b). We have chosen parameters such that κ and
n¯ are equal between the dispersive and longitudinal cases,
which for these parameters correspond to a modulation of
the longitudinal coupling strength by g˜z/2pi ' 10 MHz.
As shown in Fig. 8 in Appendix E such a modulation
can be achieved by a very modest modulation in either
the tunnel coupling or external flux. It is noteworthy
that longitudinal readout gives a much faster (and thus
higher fidelity) readout for this modest value of paramet-
ric modulation. For example, doubling the modulation
amplitude translates to a readout that is roughly twice
as fast.
Finally, we calculate the measurement integration time
required to achieve a measurement fidelity of 99.99% for
the dispersive readout protocols as a function of qubit
splitting ωq, shown in Fig. 6 (d). For the chosen system
parameters and assumptions, both Majorana qubits may
achieve high-fidelity dispersive measurements in a frac-
tion of a microsecond. Furthermore, the Majorana box
qubit, which produces a larger dispersive shift, benefits
from a faster readout time at the same value of ∆/g and
qubit frequency.
VI. CONCLUSIONS
Our results are very promising for dispersive readout as
a means to measure Majorana qubits quickly and with
high fidelity. We have calculated the qubit-dependent
dispersive shifts of a readout resonator for Majorana
transmons and Majorana box qubits, under a simple ca-
pacitive coupling of the resonator to the qubit. This dis-
persive shift can be used to readout the state of the qubit
by measuring the phase shift of a resonant probe tone on
the resonator. We find that the dispersive shift for Ma-
jorana qubits of both types can be in the MHz range
for reasonable parameters. These results are encourag-
ing, as they indicate that well-established and extremely
successful readout techniques can be adopted from the
circuit QED context [36, 38].
There are some key differences in the QND nature of
dispersive readout for a Majorana transmon compared to
a Majorana box qubit. For the Majorana transmon, the
qubit-resonator interaction manifestly preserves the Ma-
jorana parity, independent of the detuning of the readout
resonator from the relevant transitions between qubit en-
ergy levels. This protection originates from the fact that
both HˆMT in Eq. (6) and Hˆint in Eq. (13) commute with
iγˆ2γˆ3. The Majorana parity is therefore preserved in-
dependently of whether the perturbative dispersive ap-
proximation Hdisp, Eq. (2), is valid. As a result, the
dispersive readout of a Majorana transmon is quantum
non-demolition in a stronger sense than for conventional
charge qubits.
For the Majorana box qubit, the situation is different.
Here, coupling to the resonator is induced by tunneling
of charge from the qubit island to a nearby quantum
dot. In a readout scheme, the tunnel coupling should
be turned on adiabatically, such that the system evolves
into dressed joint eigenstates of the qubit-dot system
[see Eq. (20)]. However, the interaction with the res-
onator induces transitions between dressed eigenstates of
different Majorana parity; see Eq. (26). A quantum non-
demolition readout is therefore only approximately recov-
ered in a limit where the relevant transition frequency
for moving an electron between the island and the dot
is far detuned from the resonator frequency, leading to
Hˆdisp in Eq. (2). The readout is therefore no longer QND
when the dispersive approximation breaks down, which
can happen, e.g., for large photon numbers. It is worth
noting that the joint Majorana-dot parity is conserved
by Eq. (26). If one can also perform high-fidelity, QND
measurements of the dot, it may be possible to confirm
the Majorana parity by using a subsequent dot measure-
ment after decoupling the two systems [33].
These fundamental differences makes a quantitative
comparison of readout fidelity and speed more challeng-
ing. In Section V we compared the two qubits for equal
qubit energy splitting, and at a fixed value of coupling
strength relative to resonator detuning, g/∆, and fixed
value of resonator photons relative to ncrit ≡ (∆/2g)2.
With this choice, our results suggest that the Majo-
rana box qubit produces larger dispersive shifts, and may
therefore enjoy a faster readout. However, because the
breakdown of the dispersive interaction will manifest it-
self differently for the two qubits, this comparison might
not be fair. In particular, the performance of dispersive
readout for large photon numbers requires further study.
We also draw attention to the functional dependence
of the dispersive shift on flux that threads the relevant
loops for each respective qubit, shown in Fig. 3 (d)
and Fig. 5 (c). With the likelihood that offset fluxes
are present in the system, and given some distribution of
these between different qubits, a challenge for the scala-
bility of the (measurement-based) approaches is the re-
quirement to locally tune the flux for each qubit in order
to maximize readout fidelity. From this perspective we
find that the Majorana box qubits are favourable, since
flux tuning is likely only necessary for a limited number
of qubits that have offsets very close to ϕx = pi.
Finally, we note that the longitudinal readout protocol
introduced in Ref. [30] is entirely independent of the res-
onator detuning, and can therefore be used in a regime
where the parity breaking terms for the Majorana box
qubit are negligible (corresponding to a regime where the
dispersive shift is negligible). Our results moreover show
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that longitudinal readout may lead to even faster and
higher fidelity readout in practice, given that a reason-
able parametric modulation is possible.
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Appendix A: Light-matter interaction in the
dispersive regime
We here review the general theory of dispersive cou-
pling between an arbitrary multilevel system, which we
will here simply refer to as an “artificial atom,” and a
resonator. We treat the resonator as a single mode, for
simplicity. This section provides a high-level summary of
Ref. [55], and we refer the reader to that work for further
details. We will use this theory to calculate dispersive
shifts for the two variants of Majorana qubits in Sec-
tion III and Section IV.
Consider a generic artificial atom with eigenstates |l〉
and eigenenergies ~ωl, described by a Hamiltonian Hˆa =∑
l ~ωl |l〉 〈l|. We assume that the artificial atom is cou-
pled to a resonator described in a single-mode approxima-
tion by a Hamiltonian Hˆr = ~ωraˆ†aˆ. The atom-resonator
coupling has the form Hˆint = i~λNˆ(aˆ† − aˆ), where Nˆ is
number operator for the artificial atom charge degree of
freedom, which couples to the voltage of the resonator
Vˆr ∼ i(aˆ† − aˆ) with interaction strength λ. Expressing
the interaction in the eigenbasis of the artificial atom, the
two coupled systems are described by a Hamiltonian
Hˆ = ~ωraˆ†aˆ+
∑
l
~ωl|l〉〈l|+
∑
l,l′
~gl,l′ |l〉〈l′|
(
aˆ† − aˆ) .
(A1)
The coefficients gl,l′ = iλ〈l|Nˆ |l′〉 are matrix elements
for transitions between states in the multilevel artificial
atom. The dispersive regime refers to a situation where
the frequency detunings between all relevant atomic tran-
sitions and the resonator, ∆l,l′ = ωl − ωl′ − ωr, are large
relative to their respective transition amplitudes gl,l′ .
Energy exchange between the artificial atom and the res-
onator becomes a virtual process and we can write an
effective Hamiltonian for Eq. (A1) which is derived from
second order Schrieffer-Wolff perturbation theory [55–57]
Hˆdisp = ~ωraˆ†aˆ+
∑
l
~(ωl + ηl)|l〉〈l|+
∑
l
~χlaˆ†aˆ|l〉〈l|.
(A2)
At this level of approximation the interaction is diagonal
both with respect to the artificial atom and resonator
eigenstates. Here, χl is a state-dependent frequency shift
to the resonator, and ηl is a correction to ωl, given by
χl =
∑
l′
χl,l′ − χl′,l, (A3a)
ηl =
∑
l′
χl,l′ , (A3b)
χl,l′ =
|gl,l′ |2
∆l,l′
. (A3c)
If a qubit is encoded in two states {|l = 0〉 , |l = 1〉} of
the artificial atom, then we obtain Eq. (2) with σˆz =
|1〉 〈1| − |0〉 〈0|, ωq = ω1 − ω0 + η1 − η0, and
χq = (χ1 − χ0)/2. (A4)
In this paper, we analyse the qubit-state-dependent
dispersive frequency shift χq for q ∈ {t,mt,mb}, corre-
sponding to the conventional transmon qubit, the Ma-
jorana transmon qubit, and the Majorana box qubit,
respectively. The choice of logical qubit states |l = 0〉
and |l = 1〉 are different for each qubit: {|g〉 , |e〉} for
the conventional transmon, {|g,+〉 , |g,−〉} for the Ma-
jorana transmon, and for the Majorana box qubit the
two dressed states {|N,nd,+〉, |N,nd,−〉} adiabatically
connected to the two degenerate ground states when the
tunnel couplings are zero, tL,R = 0. We denote the cor-
responding dispersive shifts by
χt = (χe − χg)/2, (A5a)
χmt = (χg,− − χg,+)/2, (A5b)
χmb = (χN,nd,+ − χN,nd,−)/2. (A5c)
Appendix B: Modeling interactions between MZMs
In this section we demonstrate that the “direct” inter-
action term, Eq. (5), for a Majorana transmon is equiv-
alent to a model where the interaction is mediated by a
quantum dot, in the limit where the energy cost for mov-
ing an electron onto the dot is sufficiently large. Con-
sider a pair of topological superconductors, such as those
shown in Fig. 1 (a). Adjacent MZMs γˆ2 and γˆ3 are sep-
arated by an insulting/semiconducting region. Interac-
tion between the Majorana modes is controlled by a gate
voltage, which tunes the chemical potential in the semi-
conducting region. When the chemical potential is suf-
ficiently large, the region forms a potential barrier that
prohibits interaction between the MZMs. However, when
the height of the potential barrier is lowered, electronic
bound states in the semiconducting region become en-
ergetically accessible. For simplicity, we consider a sin-
gle energy level, described by fermionic operator dˆ and
Hamiltonian Hˆd = εdˆ
†dˆ. The MZMs couple to the dot,
described by a tunneling Hamiltonian [53]
Hˆt =
1
2
[(
itLe
iϕˆL
2 γˆ2 − tRe
iϕˆR
2 γˆ3
)
dˆ+ H.c.
]
. (B1)
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FIG. 7. Low-energy spectrum and dispersive shifts of a Ma-
jorana transmon qubit with a “indirect” interaction model.
System parameters are identical to those in Fig. 3(a). Here
ε/h = 20 GHz and tL,R = t is tuned such that the energy
splitting between the two lowest levels, ~ωmt, is equal to the
corresponding case from Fig. 3(a).
This “indirect” model, wherein the MZMs interact via
virtual occupation of the quantum dot can be compared
to a “direct” interaction, Eq. (5) [46]:
HˆM = −iEM γˆ2γˆ3 cos
(
ϕˆ+ ϕx
2
)
, (B2)
where ϕˆ = ϕˆL − ϕˆR. The two models agree when
δ = ε + EC is large relative to the tunnel couplings
tL,R, where EC is the charging energy due to capacitive
coupling between the two topological superconductors,
from Eq. (3). To demonstrate this, we have numerically
plotted the spectrum and dispersive shifts of a Majorana
transmon qubit for both interaction terms in Fig. 7.
Appendix C: Dispersive shift for the Majorana
transmon qubit
In Section III B we provided an approximate formula
for the dispersive frequency shift of a resonator cou-
pled to a Majorana transmon qubit, Eq. (16). These
were obtained analytically by applying the Schrieffer-
Wolff method detailed in Appendix A to the complete
Majorana transmon qubit-resonator Hamiltonian
Hˆ = Hˆr + HˆMT + Hˆint. (C1)
This treatment requires the qubit Hamiltonian
HˆMT = HˆT + HˆM , (C2)
to be written in a diagonal form. We use an approxima-
tion, where HˆT and HˆM are given in Eq. (8) and Eq. (9),
respectively. The qubit-resonator interaction Hamilto-
nian has the specified form
Hˆint = i~λNˆ(aˆ† − aˆ), (C3)
where we use Nˆ = i (EJ/2EC)
1/4 (
bˆ†−bˆ). We proceed by
calculating the dispersive frequency shift of the resonator
χmt = (χg,− − χg,+)/2, (C4)
for the logical qubit states |0〉 = |g,+〉 and |1〉 = |g,−〉.
The only non-zero matrix elements for this effective
model are
|gj,j+1| = |iλ 〈j, a|Nˆ |j + 1, a〉| = gt
√
j + 1, (C5a)
|gj,j−1| = |iλ 〈j, a|Nˆ |j − 1, a〉| = gt
√
j, (C5b)
where gt = λ(EJ/2EC)
1/4. Specifically, in the logical
subspace, we have |g,+〉 ↔ |e,+〉 with frequency ω+, and
|g,−〉 ↔ |e,−〉 with frequency ω−, as indicated in Fig. 2.
From Eq. (A3a), we obtain
χg,+ ' |iλ 〈g,+|Nˆ |e,+〉 |
2
−ω+ − ωr −
|iλ 〈e,+|Nˆ |g,+〉 |2
ω+ − ωr ,
= − g
2
t
ω+ + ωr
− g
2
t
ω+ − ωr ,
(C6)
and
χg,− ' |iλ 〈g,−|Nˆ |e,−〉 |
2
−ω− − ωr −
|iλ 〈e,−|Nˆ |g,−〉 |2
ω− − ωr ,
= − g
2
t
ω− + ωr
− g
2
t
ω− − ωr .
(C7)
Finally, we have, from Eq. (C4)
χmt ' 1
2
(
g2t
ω+ − ωr −
g2t
ω− − ωr
)
. (C8)
where we have dropped fast-rotating terms ∼ 1/(ω±+ωr)
for simplicity.
Appendix D: Dispersive shift for the Majorana box
qubit
1. Diagonalizing the Majorana box qubit
Hamiltonian
The complete Hamiltonian for the Majorana box qubit
can be written
HˆMB = Etot(Nˆtot − ng)2 + εσˆ†dσˆd
+
1
2
[
e
iϕˆ
2
(
itLe
iϕx/2Xˆmσˆd + tRYˆmσˆd
)
+ H.c.
]
.
(D1)
We have performed a Jordan-Wigner transformation
dˆ = −σˆd,
γˆ2 = −ZˆdXˆm,
γˆ3 = −ZˆdYˆm,
(D2)
where σˆj = |0〉j 〈1| is a two-level system lowering op-
erator, and Xˆj = σˆ
†
j + σˆj , Yˆj = i(σˆ
†
j − σˆj) and Zˆj =
σˆj σˆ
†
j − σˆ†j σˆj are the usual Pauli matrices with j = d,m.
To diagonalize Eq. (D1), we follow Ref. [30]. We can
label a basis for the system by |N,nd, a〉, where N ∈ Z,
13
nd = 0, 1 and a = ± correspond to the island charge,
dot occupation number and Majorana parity, respec-
tively. Note that the total charge Nˆ + σˆ†dσˆd is conserved
by Eq. (D1). We therefore define projectors
Pˆn = |0n〉 〈0n|+ |1n〉 〈1n| , (D3a)
|0n〉 = |N = n, nd = 0〉 , (D3b)
|1n〉 = |N = n− 1, nd = 1〉 , (D3c)
and use that HˆMB can be written HˆMB =
∑
n HˆMB,n,
with
HˆMB,n = PˆnHˆMBPˆn. (D4)
The Hamiltonian projected onto the nth subspace can
be diagonalized by a unitary (see Ref. [30] for details)
Uˆn = e
−[α−(n)σˆ†nσˆm−α+(n)σˆ†nσˆ†m−H.c.], (D5)
with
tan [2 |α±(n)|] = |tLe
iφx/2 ± tR|
2δ(n)
, (D6)
and we have defined a lowering operator within the nth
subspace
σˆn = Pˆne
iϕˆ
2 σˆdPˆn = |0n〉 〈1n| . (D7)
Explicitly, we find
Hˆ ′MB,n = Uˆ
†
nHˆMB,nUˆn
= εc(n)σˆ
†
nσˆn + εm(n)σˆ
†
mσˆm + E(n)
(D8)
where
εc(n) =
sgnδ(n)
2
[f+(n) + f−(n)] , (D9a)
εm(n) =
sgnδ(n)
2
[f+(n)− f−(n)] , (D9b)
E(n) = Etot(n− ng)2 + δ(n)− εc(n)− εm(n)
2
, (D9c)
f±(n) =
√
δ(n)2 + t2L + t
2
R ± 2tLtR cos
(ϕx
2
)
, (D9d)
δ(n) = Etot + ε− 2Etot(n− ng). (D9e)
To recover the full Hamiltonian given in Eq. (20), we
use that Hˆ ′MB =
∑
n Hˆ
′
MB,nPˆn and reverse the Jordan-
Wigner transformation Eq. (D2).
The qubit-resonator interaction Hamiltonian Hˆint, de-
fined in Eq. (25), also preserves the total charge and can
similarly be written Hˆint =
∑
n Hˆint,nPˆn with
Hˆint,n = i~λ
(
n− σˆ†nσˆn
)
(aˆ† − aˆ). (D10)
Following [30], we perform the same unitary transforma-
tion as in Eq. (D8) to find
Hˆ ′int,n = Uˆ
†
nHˆint,nUˆn = i~λNˆ ′n(aˆ† − aˆ), (D11)
where
λNˆ ′n = λn+ gc(n)σˆ
†
nσˆn + gm(n)σˆ
†
mσˆm
+
[
g+(n)σˆmσˆn + g−(n)σˆ†mσˆn + H.c.
]
,
(D12)
and
gc(n) = −λ
2
(
δ(n)
f+(n)
+
δ(n)
f−(n)
)
, (D13a)
gm(n) = −λ
2
(
δ(n)
f+(n)
− δ(n)
f−(n)
)
, (D13b)
g±(n) = −λ
2
i(tLe
iϕx
2 ± tR)
f±(n)
. (D13c)
The result in Eq. (22) is found by setting ng = 0, tL,R =
t, projecting onto the n = 0 total charge sector, and
reversing the Jordan-Wigner transformation.
2. Calculating the dispersive shift
We can now calculate the dispersive shift from the com-
plete qubit-resonator Hamiltonian in the nth subspace
Hˆ ′n = Hˆr + Hˆ
′
MB,n + Hˆ
′
int,n. (D14)
The eigenstates of Hˆ ′MB,n for each subspace n can be
labeled |n− σn, σn, a〉 with σn = 0, 1 the occupancy of
σˆ†nσˆn and a = ± corresponding to the Majorana parity
2σˆ†mσˆm − 1. We proceed by calculating the dispersive
frequency shift of the resonator
χmb,n = (χn,0,+ − χn,0,−)/2, (D15)
for the two states |1〉 = |n, 0,+〉 and |0〉 = |n, 0,−〉, where
we assume that the dot is unoccupied for the two qubit
states. From Eq. (D12) we have the following non-zero,
off-diagonal matrix elements:
|iλ 〈n, 0,−|Nˆ ′n|n− 1, 1,+〉 | = |g+(n)|, (D16a)
|iλ 〈n, 0,+|Nˆ ′n|n− 1, 1,−〉 | = |g−(n)|. (D16b)
The diagonal matrix elements, corresponding to the first
three terms in Eq. (D12), cancel out when calculating the
dispersive shifts by Eq. (A3a).
In the logical qubit subspace we have two transitions:
|n, 0,+〉 ↔ |n− 1, 1,−〉 with energy εc(n) − εm(n) =
f−(n), and |n, 0,−〉 ↔ |n− 1, 1,+〉 with energy εc(n) +
εm(n) = f+(n). From Eq. (A3a), we obtain
χn,0,+ =
|iλ 〈n, 0,+|Nˆ ′n|n− 1, 1,−〉 |2
−f−(n)/~− ωr
− |iλ 〈n− 1, 1,−|Nˆ
′
n|n, 0,+〉 |2
f−(n)/~− ωr
= − |g−(n)|
2
f−(n)/~+ ωr
− |g−(n)|
2
f−(n)/~− ωr ,
(D17)
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FIG. 8. Longitudinal coupling strength for the Majorana
box qubit gz = gm/2 as a function of t/δ and ϕx. For (a) we
have set ϕx = 0, and for (b) we have set t/δ ' 0.5. Dashed
lines indicate a modulation of g˜z = 10 MHz, which was used
in Fig. 6. This corresponds to a modulation of roughly (a)
t˜/δ ' 0.1 or (b) ϕ˜x = pi/10.
and
χn,0,− =
|iλ 〈n, 0,−|Nˆ ′n|n− 1, 1,+〉 |2
−f+(n)/~− ωr
− |iλ 〈n− 1, 1,+|Nˆ
′
n|n, 0,−〉 |2
f+(n)/~− ωr
= − |g+(n)|
2
f+(n)/~+ ωr
− |g+(n)|
2
f+(n)/~− ωr .
(D18)
Finally, we have, from Eq. (D15)
χmb,n ' 1
2
( |g+(n)|2
f+(n)/~− ωr −
|g−(n)|2
f−(n)/~− ωr
)
, (D19)
where we have again dropped fast-rotating terms ∼
1/(f±(n)/~ + ωr) for simplicity. The result quoted
in Eq. (28) corresponds to setting n = 0, ng = 0 and
tL,R = t.
Appendix E: Longitudinal readout for Majorana box
qubits
As alluded to in Section II, the parity protection of
the Majorana box qubit dispersive readout scheme is not
as strong as that of the Majorana transmon. This is
apparent from the last two lines of Eq. (26), since the
qubit-resonator interaction does not commute with the
Majorana parity operator iγˆ2γˆ3 in the diagonal frame of
Hˆ ′MB. Approximate parity protection is recovered in the
dispersive regime where Eq. (2) is valid.
An alternative approach was proposed in Ref. [30] that
instead relies on exploiting the longitudinal Majorana-
resonator interaction apparent in the first line of Eq. (26),
quantified by gm. Longitudinal coupling refers to an in-
teraction that is diagonal in the qubit basis, in contrast
to the off-diagonal, or transversal, coupling usually ex-
ploited for charge qubits. The readout scheme introduced
in Ref. [30] uses a parametric modulation of the longitu-
dinal coupling gm in Eq. (26). In practice, this can be
achieved in a number of ways, including flux modulation,
modulating the tunnel coupling t, and/or the detuning
δ.
The first line of Eq. (26) clearly commutes with iγˆ2γˆ3,
and a QND readout protocol can therefore be achieved
given that the parity non-conserving processes in the two
last lines are heavily suppressed. This latter requirement
can be met by placing the resonator sufficiently far off-
resonance from the relevant island-dot transitions. More
precisely, for ideal longitudinal readout, the denomina-
tors |f±/~ − ωr| in Eq. (28) should be sufficiently large
such that χmb is negligible. This should be relatively
straight forward to achieve, e.g., by increasing the charg-
ing and dot energies, Etot and ε. We note that increasing
these energy scales might furthermore be beneficial from
the point of view of quasi-particle poisoning [25, 26].
The infidelity of a longitudinal readout scheme for
the Majorana box qubit is shown in Fig. 6 (b). When
producing these results we take the coupling strength
to be modulated at the resonator frequency, gm(t) =
g¯m + g˜m cos(ωrt) and assume an ideal longitudinal in-
teraction, which in a frame rotating at ωr can be written
Hˆz =
ig˜z
2
iγˆ2γˆ3(aˆ
† − aˆ), (E1)
where g˜z = g˜m/2 is the longitudinal modulation and fast
rotating terms are neglected.
We refer the reader to Refs. [30, 54] for further details.
Here the fidelity is calculated using Eq. (30) with the
following expression for the SNR [54]
SNRl =
√
8|g˜z|
√
τ
κ
[
1− 2
κτ
(
1− e− 12κτ
)]
. (E2)
For sake of comparison in Fig. 6, we set κ and the
intracavity photon number n¯ = (g˜z/κ)
2 [54] to be the
same for the dispersive and longitudinal readout proto-
cols. For the parameters in the figure, this corresponds
to a modulation of g˜z/2pi ' 10 MHz. For concreteness,
we illustrate the range of of modulation of t/δ and ϕx,
respectively, needed to achieve g˜z/2pi = 10 MHz in Fig. 8
for an example parameter set. These results clearly show
that even a modest modulation in external parameters
can lead to extremely fast longitudinal readout.
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